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ARTICLE INFO ABSTRACT

Keywords: Evolutions under non-Hermitian Hamiltonians with unbroken P7 symmetry can be considered
PT-symmetry unitary under appropriate choices of inner products, facilitated by the so-called metric operator.
Subsystems While it is understood that the choice of the metric operator has no bearing on the description

Pseudo-Hermitian quantum mechanics
Metric operator
Inner product

of the system, in this work, we show that this choice does dictate the entanglement structure
of the system. We show that the partial trace of the Hermitized density matrix gives the
correct representation of the reduced subsystem, and based on such operations, we elucidate the
metric dependency of the reduced dynamics and consequently the observable dependence of the
subsystem decomposition. We use a non-Hermitian P7 -symmetric quantum walk as a toy model
to study this metric dependency, where we use the internal (coin state) as the subsystem of
interest and study the coin-position entanglement and non-Markovianity of the coin dynamics.

1. Introduction

Hamiltonians invariant under the simultaneous action of parity and time reversal operations (P7) have eigenvalues in complex
conjugate pairs. In certain parameter regimes, such Hamiltonians have real eigenvalues, even if they are not Hermitian [1,2]. These
Hamiltonians have been a topic of increasing interest in recent years [3-7] and can be simulated using balanced gain and loss
mechanisms [8,9] and find use in quantum technologies [10]. It turns out that there is an equivalence between the non-unitary
PT -symmetric dynamics and the unitary dynamics [11-15] that is established by introducing a metric operator which redefines the
inner product. In fact, such a description is essential to avoid nonphysical results like the violation of the no-signaling principle [16].
However, the choice of the metric operator is not unique, and given a Hamiltonian, one can choose from an infinite class of metric
operators. All choices of the metric operator are equivalent since the expectation values of the observables in all inner product
spaces are the same if the state and the observables are transported to the different inner product spaces properly. This is the
framework of pseudo-Hermitian quantum mechanics. In this work, we will study the intricacies of dealing with composite quantum
systems under this framework. For composite quantum systems, the Hilbert space is assumed to have a tensor product structure, with
each component of the tensor product representing the subsystem. In such Hilbert space structures, the partial trace operation is the
unique, completely positive, and trace-preserving mapping to the Hilbert space of the subsystem. While dealing with a non-Hermitian
PT -symmetric Hamiltonian for a composite quantum system, a change in the inner product structure on the total Hilbert space need
not preserve the tensor product structure. This leads to the problem of defining the subsystem in such a framework since the partial
trace operation is not well-defined. To circumvent this issue, previous studies have focused on certain choices of metric operators to
make the partial trace operation well defined, in particular using a metric in tensor product form [17,18] where the Hilbert space
retains the direct product structure, or in a direct sum form [19] where the partial trace can be performed by exploiting the peculiar
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geometric structure of the state. However, there is no physical principle that dictates one choice of the metric operator over the
other. Moreover, as we will show, not all Hamiltonians might allow such convenient choices of the metric operator.

In this work, we show that the subsystems for states in such Hilbert spaces can be well defined through a partial trace on the
Hermitized states, which are the unique, self-adjointness-preserving maps to the states in the Hilbert space with the conventional
Euclidean inner product. This allows us to construct subsystems for all choices of the metric operators compatible with the
Hamiltonian. This also leads us to the conclusion that the choice of the inner product can result in different properties of the
subsystem, indicating that the subsystem decomposition is metric-dependent. The choice of the metric operator is determined by
a set of observables used to probe the system [20]. Previous works, e.g. [21], have concluded that the subsystem’s properties,
like entanglement, which depend on the tensor product structure of the system, do depend on the choice of the observables. Our
conclusions in this manuscript extend these observations to pseudo-Hermitian quantum mechanics.

In Section 2, we introduce the pseudo-Hermitian formalism with a focus on the Hermitization map and non-uniqueness of the
metric operator. We present the arguments for partial trace through Hermitization in Section 3, where we also observe the effect of
the choice of the metric on the subsystem decomposition. In Section 4 we study the P7 -symmetric quantum walk model and treat
it as a composite system. We show that this quantum walk operation does not allow a metric operator in tensor product form, and
the interactions between the subsystems (its coin and position subspaces) depend on the choice of the metric.

2. Introduction to Pseudo-Hermitian quantum mechanics

While all Hermitian Hamiltonians have real eigenvalues, Hermiticity is not a necessary condition for the eigenvalues to be real.
Consider the operators that commute with an anti-linear involution operator U [22]. An anti-linear involution satisfies the following
two conditions U on the Hilbert space H:

Uag = a*Ug, where, Ur=1, 1

where a € C and ¢ € H. If H commutes with this anti-linear involution, that is [U, H] = 0, the eigenvalues of H come in complex
conjugate pairs with equal multiplicity, while if it also shares the eigenvectors with U, the corresponding eigenvalues are guaranteed
to be real. One such example of an anti-unitary operation is the time reversal operation 7, which implements the transformation
t — —t, where ¢ is the time parameter. Given a linear operation, for instance, the parity reversal operation P, which corresponds
to the transformation x — —x where x is a spatial coordinate, the P7 operation is an anti-linear operation. An operation invariant
under PT operation either has real eigenvalues or its eigenvalues are complex conjugate pairs with the same multiplicity. When the
eigenvalues are real, it is called unbroken P7 symmetry, contrasting it with the case of P7 -broken symmetry when the eigenvectors
are not eigenvectors of the P7 -operation.

It was realized that diagonalizable operators © : H — H that are invariant under an anti-linear involution satisfy a property called
G-pseudo-Hermiticity [14]: for such operators there exists an invertible, Hermitian operator G : H — H, such that G-'O'G = © [23].
Therefore, every diagonalizable P7 -symmetric operator is also a G-pseudo-Hermitian operator.

On the other hand, if O is quasi-Hermitian, it is related to a Hermitian operator O, through a similarity transformation O = 7! O,n,
for some 5. One can see that G-pseudo-Hermiticity in certain cases can imply quasi-Hermiticity, particularly when the operator G
is also a positive-definite operator [24]. This is due to the fact that for such operators, there exists a unique square root which is
also Hermitian and positive-definite, let us call it 5, i.e. G = 5%. Then, the condition of pseudo-Hermiticity implies

ofG = Go

—1 o —1 2
=>n O0'n=n0On".

Here O, = nOn~! is the Hermitian operator.! It is also easy to see that every quasi-Hermitian operator is also pseudo-Hermitian,
as given an operator 7 satisfying O = 11‘1(9,711, the positive-definite operator G = 'y satisfies the relation ©'G = GO. Therefore,
quasi-Hermiticity is a sufficient condition for the operator to be diagonalizable with a real spectrum. It is also a necessary condition
for the same [11], since for such operators one can use their left-eigenvectors to construct the compatible positive-definite operator
G. Therefore, a P7 -symmetric operator H with real eigenvalues is a quasi-Hermitian operator, and there exists a positive definite
operator 5 such that H, = nH n~! is a Hermitian operator.
G-pseudo-Hermitian operators can be shown to be self-adjoint with respect to a modified inner product defined with the operator
G: (-|)g = (-|G-) as we show below
O* is an adjoint of O if: (O*@ly)g = (d|OW)g
= (0" |Gy) = ($|GOy) 3
=(G7'O'Go|Gy).
Therefore, the adjoint of an operator © with respect to the inner product {-|-); is given by ©* = G~10"G. The operator is self-adjoint
if @ = ©*, or equivalently O'G = GO, which is the G-pseudo-Hermiticity condition. When the operator G is positive-definite, the
inner product describes a physical Hilbert space. A Hilbert space where the inner product is given by (:|-); will be denoted by H,;,

and the operator G will be understood to be positive definite. The inner product with G = 1 will be referred to as the Euclidean
inner product, and the corresponding Hilbert space H; will be denoted by ¥ if the context is clear.

1 In the literature, the metric operator is generally denoted by 5 and its positive square root by p. We find this notation unnecessarily confusing, hence the
choice.
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Fig. 1. An unbroken P7 -symmetric evolution can be seen as unitary evolution under appropriate, non-unique choices of the metric, corresponding
to evolutions in different Hilbert spaces H; and H,, . Operators and states in these different Hilbert spaces can be mapped in the Euclidean (G = 1)
Hilbert space to unitarily equivalent states and operators.

2.1. Hermitization of the operators

Given a state y evolving under the G-pseudo-Hermitian Hamiltonian H, given by y(f) = e~y (0), the norm of the state with
respect to the inner product (-|-); is time-invariant: 9,{y (#)|w(?)); = 0. In this respect, this is a unitary evolution in H,. This also
implies that there is a corresponding vector in Euclidean inner product space H whose norm is also time-invariant. Using the time
invariance of the norm in H; one can show

O (my )|y (1)) = 0. “@

Therefore, the vector v, () 1= ny(t) evolves unitarily in H, under the Hermitian Hamiltonian H,=nH n~!. As we have seen in the
previous section, Hamiltonians with real eigenvalues can always be Hermitized. Further note that the map H; —» H : v — ny, is
a norm-preserving map between the two Hilbert spaces of equal dimension, i.e. (y,|y,) = (w|w); and therefore, is a unitary map
between the two Hilbert spaces. This also implies that the Hermitization map between the bounded linear operators B(Hg;) — B(H)
defined as follows

00, :=n0r", ®)

is a norm-preserving transformation, which also preserves the self-adjointness: O'G = GO & 0, = (9,1*'. The right and left
eigenvectors, {y;,p;} respectively, of the quasi-Hermitian operator form the complete bi-orthonormal basis for H,; [25] with the
following properties:

WalWndG = (@ulW) =8pn  and  Dlw, )@, = 1. ©)

The quasi-Hermitian operator can be spectrally resolved as © = Y, p;|w;){¢;|, and the metric operator can be constructed as
G = Y ;|9;){@;|. Note that given the bi-orthonormal basis {y;, ¢;}, the set {y;} forms a complete orthonormal basis. Consequently,
the spectral resolution of the pseudo-Hermitian operator is equivalent to the spectral resolution of the Hermitized operator O, =
> Patilw, Y(w, |n. Finally, the map (5) also preserves the expectation value of an observable with respect to the transformed state.

Given the density matrix j € Hg and the Hermitian density matrix p, = npn~', we have
(O, = e D mwalOynwr,)
"
=¢, Y (W, 0w,) = (0), @
"
We can also express this result as the following trace equality
(O, p,) = tr(Op). ®)

This relation stems from the fact that the expectation value of an observable in any metric space can be given as a trace of the product
of the observable with the density matrix, and that the trace operation gives a metric-independent answer. This is important enough
to be stated as a distinct remark:

Remark. the trace of any operator in Hilbert space H is equal to the trace of the same operator in H.

In summary, we can say that a system represented by the density matrix 5 on the Hilbert space H, will have the same statistics
as the system represented by the density matrix p, on H if the observables are Hermitized according to Eg. (5).
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2.2. Non-uniqueness of the metric and Hermitization

Given a Hamiltonian H, the compatible metric operator that satisfies the self-adjoint condition H'G = GH, is not unique. There
is an infinite number of Hilbert spaces where the Hamiltonian is an observable for the energy of the system. However, all the choices
of a compatible metric operator are equivalent and correspond to the same system. Given a Hamiltonian H and the two compatible
metric spaces H and H/, the map © — (@ = T~OT is a self-adjointness preserving isomorphism between the bounded operators of
the two spaces, where T satisfies the relation TTGT = G’, or equivalently [T, H] = 0. Therefore, both H; and M, are valid physical
Hilbert spaces for the evolution of a system under the Hamiltonian H. Hermitization of the operators from these two Hilbert spaces
to the Euclidean metric Hilbert space H, however, maps to a different state as we illustrate in Fig. 1. The operators @ and O will
be mapped to the operators O, = nOn~! and (‘):1 . =n'O'n'~! respectively, where n = \/E and / = /G'. Since both the change of the
metric space and the Hermitization do not change the statistics of the system, one can conclude that the expectation value of the
observable, when Hermitized from different metric spaces, remains the same, as we show in the following.

(10, ,) = tr(0p)
=tr(O0'p) (©)]
=u(@' O'n'"'n' o' = w©, ).

As we learned that the set {y,,} forms a complete orthonormal basis of , the set {5’ Ty, } will form another complete orthonormal
basis of H. Surely, any two complete orthonormal sets of basis vectors are related by a unitary, hence there exists a unitary operator
U on M such that n/T~! = Ur. From here, we can conclude that the operators 0, and (‘):1 , on H are also unitarily equivalent

;
0,’7, =Uo,U". (10)

3. Subsystems in Hg

In this subsection, we will propose that the partial trace of the Hermitized system p, in H = H, ® Hp is the correct way to
describe the subsystems A and B of  in Hg, . The partial trace in H, , is well defined if the metric if of the form G, = G, ® G,
which results in a tensor product Hilbert space structure Hg, ® Hy . The partial trace over the system A gives a reduced density
matrix in Hg, as follows:

PR = Z((WH ® Ip)Pap)Wn)g, ® Ip) [¢))

The state pp € Hg, is mapped to the Euclidean inner product space Hj as phy = '1353'11_;1' One can show that the reduced state
p'g can also be constructed by first Hermitizing the state j, and then performing the partial trace in H,, and therefore the two
methods of partial trace are equivalent:

Pl =1 4014 @ np)iaplig ® ng)™")
=nptra((ns ® Ip) ag ;' ® Ip)ng' 12)
=1gPB ’1;;1
Under a different choice of the metric, as long as the new metric is still in the tensor product form, the reduced state 5 is uniquely
defined and its map to the Euclidean Hilbert space is unitarily equivalent to p"B. The reduced dynamical map, which evolves the
state pp(f) in time uniquely defined in H;, and is defined in X up to unitary equivalence in Hg.

The equivalence between the partial trace after Hermitization and without Hermitization for such metric spaces can also be
seen from an operational point of view. Consider a composite system with position and spin degrees of freedom. Let X and o3 be
the Hermitian operators with eigenstates |x) and |s) with eigenvalues x and s, respectively. Let the set {|x,s)} form the complete
orthonormal basis of the Euclidean metric space H, ® H,. We define |y (x,s)) = 771 x, s), so that the set {y(x, s), 7*w(x,s)} forms
a complete bi-orthonormal basis in Hg; and are also the eigenvectors of the corresponding quasi-Hermitian position and spin
observables in H; given by X = ' (X ® I,)y and 53 = n~'(I, » ® o3)n respectively. Now, given a density matrix p, € H, the
terms (x, s|p,|x’, s) are the matrix elements with respect to the given basis. One can show that they are exactly equal to the matrix
elements of the corresponding density matrix j € H; with respect to the bi-orthonormal basis of H:

A, x"55,8") 1= (w(x, 9lplw (', ) 13)
= p,(x, x';s5,5") = (x,slp,,lx’,s’).
Note that the probability of getting the spin value s, while measuring in the o3 direction, at the lattice point x is given by the
element

p(s,xX|n3) = p(x, x; 5, 8) = p,(x, x;5.5). 14)

Spin expectation values in other directions can be given by an appropriate unitary transformation of p, . For instance, the probability
of getting spin s at a lattice point x in the 4, direction (corresponding to the measurement of Iy ® o, in H or the measurement of
5, in Hg) is given by

p(s.x1) = (W, )T, 5 U,y 9)g = (x.51U] p,Uy|x. ), (15)
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where U, is a unitary on H and U, = y~'Uy is a unitary on H,; and U =G'U'G is the adjoint operation in H;. The statistics of
the spin degrees of freedom, obtained by summing over the position degrees of freedom, can therefore be either from the state g or
its Hermitized version p,:

p(sli) =Y p(s, x|y
x U, 5 U, (16)
= YW@ )T, 5 U lw(x.9))g.

However, these statistics are faithfully represented by the state pjjl = tr,(p,) as all the probabilities p(s|i;) can be extracted from pg
as follows

p(sliy) = (s|UF" p¢ Ufls), a7

1 -ioy)

where, U are the appropriate unitary operators such that Uy |s) is the eigenvector of ;. For example U = I, and U} = . This

discussion indicates that partial tracing after Hermitization of the state represented by the density matrix g € H; is a well-defined
way to describe the subsystem

3.1. Metric dependence of the subsystem

As we have discussed, the freedom of choice of the Hamiltonian compatible metric does not change the properties of the system
in terms of the expectation values of the observables. However, this choice does affect the subsystem’s properties. Let j € H; be
the density matrix, we know that 7 =T~'5T is the corresponding state in H,, where T'GT = G’ and [T, H] = 0. Hermitizing these
states, we get p, and p,, respectively, that are related by p,, = Up, U (from Eq. (10)). Here, the unitary U depends on the metric
operators G and G’ as U = /T~ 'n~1.

Theorem 1. Given the states j € Hg and 5’ = T~'5T € Hg, where TGT = G’, the properties of the subsystems given by py = tr,(py)
and p:’, = trp(p:7 ,) are metric dependent unless both H; and H have a tensor product decomposition.

Proof. If the H; and H both have a tensor product decomposition of the form Hg, ® Hg, (which is possible only if the metric
operators have a tensor product form), then U can be a local unitary of the form U, ® U In such cases, the reduced states are also
related by a unitary, pf, = U.pj U; and the same is true for all the observables on HG and M. Therefore, the statistics of the states
are independent of the choice of the metric
(O pf,) = tr(UcontUCp;UC)
=tr(0,p;)

18

However, if the metric operators do not have a tensor product form, the reduced states oy and p¢, are not unitarily equivalent, and
the above Eq. does not hold. In that case, the statistics of the reduced state depend on the choice of the Hamiltonian compatible
metric operator. []

Observable dependence: From this perspective, the choice of the metric is equivalent to the choice of a frame of reference for the
system. It is well understood that while a global unitary transformation on the system does not change the expectation values of the
observables on the system, such a transformation does affect the entanglement structure of the system. The above theorem might
lead one to conclude that there exists a preferred choice of the metric for which the reduced dynamics is well defined in both H;
and H, which is the metric in tensor product form. However, this would be a misguided conclusion since the choice of a particular
form of the inner product is not guided by any physical principle. As noted in [20], the metric operator is fixed by a choice of a
complete set of irreducible observables. Given a set of observables {O;} on H; and Hy, they must satisfy [O;, T] where T 'GT =G'.
Therefore, the metric space where a set of operators {©;}, a well-defined set of observables, is uniquely fixed if T = 1, that is, the
set {O;} is irreducible. This tells us that the decomposition of a subsystem can be observable dependent, a notion that has been
studied in its generality before, e.g. [21,26,27]. In summary, the metric dependence of the subsystem is very much in line with the
usual quantum mechanics. At the same time, it offers a unique window into the physics of P7-symmetric quantum mechanics.

4. Subsystems of a quantum walk and the effect of the metric

Most PT -symmetric non-Hermitian Hamiltonians would typically not be compatible with a metric in tensor product form. Here,
we will study the evolution of a composite particle under such a Hamiltonian. Unitary evolution of a quantum particle on a lattice
can be described by a quantum walk [28] which can be seen as a composite system, with its position and spin degrees of freedom
as its subsystems described in the Euclidean Hilbert space } = H, ® H,. These are being increasingly used as a tool for quantum
simulation [29]. With the periodic boundary condition on the lattice, we choose a walk that diagonalizes in the Fourier basis, and
the Shift and Coin operators can be written as

ik 0
=Y Ik ® <e0 e_,.k> = ®.S(k)
k (19
cosf isinf

o 1
¢® N®(isin0 cos 0

) — ©.C0)
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The PT-symmetric non-unitary quantum walks have been defined in [30] based on a balanced gain-loss model, which in the
momentum space remains diagonal:

th = eak Wc(k)’

(20)
where W, (k) = C(8,/2)S(k)G™ C(8,)S(K)GC (8, /2),
where the non-unitary contribution from the operators ¢ simulating gain and loss is given by
_(¢ 0O +
Q-(O 1/6)’ 6 eR", 2n

The PT-symmetric nature of this evolution can be deduced from the fact that W,(k) in Eq. (20) is inverted under the charge
conjugation, which is an antilinear operation. In the Appendix A, we construct the most general metric operator for the above
quantum walk and show the following

Claim. Given the PT -symmetric Hamiltonian for the quantum walk operator in Eq. (20), if 6 # 1, then there does not exist a metric operator
which is separable in the internal and external degrees of freedom.

As a result, the dynamics of a coin state, with position/momentum degrees of freedom traced out, is not well defined on the
Hilbert space H; for any G compatible with the walk operator. Therefore, the subsystem dynamics in the Euclidean Hilbert space
H depend on the choice of the metric operator.

In this section, we will study two dynamical features of the coin state: the non-Markovianity of the reduced dynamics and
the entanglement growth between the coin and position degrees of freedom (by calculating the von Neumann entropy of the
reduced coin state). The evolution of a subsystem can rarely be defined as a CPTP evolution, the main reason being that there
is an information backflow from one system to the other, resulting in a non-Markovian evolution that cannot be modeled by a CPTP
map. The characterization of the non-Markovianity of the subsystem dynamics, therefore, is an important aspect of the subsystem
dynamics. Similarly, the entropy of the reduced states, which is also an entanglement measure for pure bipartite states, is another
important characteristic of the subsystem that can also affect the non-Markovianity of the dynamics. We study these properties of
the reduced dynamics under different metric operators. We will restrict ourselves to a metric that also preserves the direct sum
decomposition of the Hilbert space and, therefore, takes the form G = @,G,(k, x, y) where metric operators G,(k, x,y) on C? are
given by

G (k. x,y) = x(|r () (r (O] + ylr_(K))r_(K)]). (22)

Here |r,(k)) are the left eigenvectors of the P7-symmetric walk operator and x,y € R*. In this work, we choose three different
metric operators of the direct sum form: first with x(k) = y(k) = 1Vk, denoted by G,, and the other two with x(k) and y(k) chosen
randomly from a uniform probability distribution denoted by G, and G;. Further, we will study the walk at three different degrees
of non-Hermiticity: 6 = 1 (Hermitian), 6 = 1.2, and 6 = 1.3. Note that with the 6, and 6, fixed to z/4 and —z/7, the exceptional
point lies at §pp ~ 1.35.

4.0.1. Information backflow to the coin state
We will study the information backflow during the dynamics of the coin state of the Hermitized quantum walk. The reduced
dynamical map for the Hermitized state is given by

Ay(pe) = po(t) = tr, (W, p, W), (23)

where W, = Wi~ for the PT-symmetric walk W,, defined in Eq. (20). Given a state 5 € M, we evolve a corresponding
state p, = npn~' under this operator. The increase in the trace distance between two states under a map indicates a backflow of
information to the system [31], since the trace distance, given by D(p,c) = 1 Y. 14;1, where 4, are the eigenvalues of the operator
p — o, is a measure of distinguishability between the states and should always decrease under the loss of information. Summing
over the increase in distinguishability for a particular initial set of states, and then maximizing over the initial states, gives us the
Breuer-Lane-Piilo (BLP) measure.

Let D(A(p), A(6)) — D(p,5) = \/ denote the change in the trace distance due to the discrete map A given either under the state
normalization method or the metric formalism. The measure of information back-flow, depending on the initial states p and o, for
the discrete dynamics, is given by:

Nt-1,p0)+V, ifV>0
N(,p,0) = ( p.0) ; 24
N(-1,p,0), if\/ <0
where N(0, p,6) = 0. If one maximizes over the set of all initial states p and o, we get a measure of information back-flow which is
a characteristic of the map A alone:

N, = rBz};x{N(t,p,o)}. (25)
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Table 1

Trace distance between optimal states.
6 Depy, . py,) Doy, .0,,) Depy, . py,) D(a,,.0,,)
1.0 0.0340 0.0024 0.0170 0.0170
1.2 0.0180 0.0205 0.0380 0.0399
1.3 0.0759 0.0299 0.0741 0.1080

The table shows the distance between the pairs that maximize the BLP measure
for different metric operators and non-Hermiticity parameters 5. Here, the pair
(p,,’ s 6,,,) maximizes the BLP measure for the metric operator G;, where i € {1,2,3}

Case of tensor product metric operator: If the metric operator is in a tensor product form such that \/5 =n=rn, Q1. then we know
that the reduced dynamics in Hg,, given by A = trp(W’ ﬁW#'), is well defined. For the state Py, = ﬂcﬁcﬂc_l, one can show that
_ PN :
A, (py) =1 AP n; " in the following way
_ t i
Ay(pe) = tr, (W, p, W)
=, (W' oWy

t gt 1 -1 (26)
=tr,(n, @ nW'pW" " ®@n.")
- . - —
=, tr,(W Wt = n. A ;!
This also implies that the states Aypy) and Aﬂ/(p; ,) are unitarily equivalent:
Ay () = U A (py U™ @27)
Since trace distance is invariant under unitary transformations, we have the following identity:
_ / !
D(A,(py)- Ay(0,,)) = D(Ay (pnz), A,,r(tfﬂé))‘ (28)

Therefore, for metric operators with tensor product decomposition, we have the following results:

1. The BLP measure is independent of the metric chosen
2. If the pair of states Py, 0p,) maximizes the measure, the pairs of states (p:’ ,,0’,) will also maximize the measure.

For the metric operator not in the tensor product form, we do not have states like p, , and therefore we will denote by o, the states
that are constructed by a partial trace of states p, € H. We maximize the measure over the set of states by using the simulated
annealing technique and calculate the measure for three different metric operators. The results are presented in Fig. 2.

1. The BLP measure, within the error margin of 102 units, does not change with the metric or even with the non-Hermiticity
parameter 6.

2. The measure for a given 6 evolution can be maximized for unitarily inequivalent states (within the error of 1072). The
table below shows the trace distance between the states for which the maximum BLP measure is achieved, (P> 0y,) and
(p!,,0',) where ' is the positive square root of G’ € {G,,G5}. Note that if p, and p; , are unitarily equivalent, we must have
D(p,, p',) = 0, or more precisely D(p,, p',) S 0.02, which is the minimum error in the maximization algorithm. The Table 1
shows that the states which maximize the BLP measure for three different metric operators are unitarily inequivalent.

The above two results suggest that while the change in the metric might not have any effect on the information backflow to the
subsystem, the states for which the measure is maximized do depend on the choice of the metric.

4.0.2. CP- indivisibility

In this section, we will study the non-Markovianity of a process through the violation of the divisibility of the quantum map. A
quantum Markovian process between two times ¢, to 7, represented by a completely positive trace preserving (CPTP) map &,4y> Can
be broken down into the composition of two maps:

&, = t.t1°£

Lty 11:10°

(29

for all times t < #; <. If the intermediate map &, is a completely positive (CP) map for all times, the process is called a CP-divisible
process. Based on the fact that the local CPTP maps do not increase entanglement between two systems, one can detect the lack of
complete positivity of the intermediate map Eiy- The Choi matrix of a completely positive map has a trace norm 1, otherwise, it is
greater than 1. Using this property of the CP maps, the Rivas—Huelga—Plenio (RHP) measure [32] of the dynamical map A is given
by:

Trup = Zg(t),
t

where g =1®A,¢+ Ln|@x®| ||, -1

(30)
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Fig. 2. Maximization of the BLP measure N using the simulated annealing method. Each plot marks the measure evaluated after 50 steps of the
walk for 3 different metric operators G|, G,, and G,. We see that the measures saturate at roughly the same values. The Monte-Carlo method has
finite precision, and within this error, the information backflow to the coin state is independent of the metric. The effect of the chosen metric
is visible in another measure of non-Markovianity.

and |@) = ¥, i)|i) is the maximally entangled vector in H and A,(t + 1,1) is the intermediate map from time 7 to ¢ + 1 on the coin
state. The operator C Ay = 1Q® At + 1,1)|@)P| is called the Choi matrix of the map A, (¢ + 1,1). We outline its construction in the
Appendix B. If the intermediate map is completely positive, then g(r) = 0.

Case of tensor product metric operator: If the metric G = n*> and G’ = 5 are both in tensor product form, then one can show that
the RHP measure would be independent of the metric chosen. This is because the maximally entangled states are invariant under
local unitaries U; @ U, |®@) = |@’). Therefore, the Choi matrices of the Hermitized reduced maps are unitarily equivalent, as we show
below:

1@ Ayt + L)(|0' ){(@'])
=1®A,(t+1.0(U, ® U,|0)@|U] @ UJ)

=Y U 10GIUT @ Ay (t + 1,0 U, i) |US
2, HDGIUT ® Ay (e + 10U 11)U)) a1
= D UINGIU] ® Upa, (¢ + 1,0(1i)(iDU;
iJ
=U, @U)(1®A,0+ 1,r)(|ct>>(<1>|))(U1T ® U;).

In the third equality, we have used the result from Eq. (27). Since the trace norm is invariant under unitary transformation, the
function g(#) and, consequently, the RHP measure is invariant under the metric choice as long as the chosen metric operators are
in tensor product form. This, however, is not the case for the metric operators not in the tensor product form, as we show through
the example of the quantum walk.

Fig. 3a shows the increase in the RHP measure with time for different 6 parameters and for different metric choices. We note
that, for 6 = 1, that is, in the Hermitian case, the measure is independent of the metric. While the Hermitian Hamiltonian case
does allow for the tensor product structure of the metric, we have chosen metric operators that are not in this separable form
(specifically, G, and G3). For the other two cases of 5 # 0, the measure shows variations with the choice of the metric. This is not
surprising since RHP is an entanglement-based measure and the entanglement structure of the state is metric dependent as shown
in Fig. 3(b). Since the evolution is unitary, the von Neumann entropy of the reduced state captures the entanglement between the
position and coin space. Other works in the past have studied other measures of bipartite entanglement under a non-Hermitian
Hamiltonian, interpreting the evolution to that of an open system [6]. Note that for the case of tensor-product metric operators
G| ® G,, the entanglement entropy of the states p, and p/, is metric invariant, since the reduced states under two different metric
operators are unitarily equivalent and therefore will have the same von Neumann entropy. In the case of metric operators not of
the form G| ® G,, the entanglement entropy changes with the choice of the metric as shown in Fig. 3(b). As was discussed in the
earlier sections, this is expected, since the states p, and p:lz are related by a global unitary p, =Up,, U', and therefore correspond
to different bipartitions.

5. Conclusions

In this work, we have investigated the problem of defining the reduced dynamics of unbroken P7 -symmetric dynamics in the
pseudo-Hermitian quantum mechanics framework. When the metric operator G, compatible with the Hamiltonian, does not allow
a particular tensor product decomposition (G # G, ® Gp), the partial trace operation is not well defined in the metric space H,;.
We have argued that the Hermitization of the states and observables, followed by partial trace, is a consistent method of defining
subsystems for such systems. This immediately also leads us to conclude that the properties of such subsystems should depend on the
choice of the Hamiltonian-compatible metric operator, especially when the chosen metric operators are not in the tensor product
form. While the freedom in the choice of the metric is of no consequence when one deals with the system itself, the subsystem
decomposition depends on this choice. The choice of the metric also stems from a particular choice of the observables, and it is
understood that the partitioning of a system is observable-induced. This is equivalent to the common observation that the choice of a
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Fig. 3. 3(a) RHP measure as a function of time for the reduced dynamics under different choices of metric operators. We see clearly that the
CP-indivisibility of the coin state’s dynamical map in the Euclidean metric space has different measure values for different choices of the metric
in the § # 1 case. This is a reflection of the non-separability of the metric operator in the non-trivial metric space. For the Hermitian case, we
do not see any metric dependency. 3(b) Coin-position entanglement as a function of time under different choices of the metric operator. The
coin-position entanglement in the Euclidean metric space shows the metric dependency for dynamics with & # 1.

different frame of reference for the system, while not affecting the system’s statistics, does affect the subsystem decomposition. This
becomes clear as we study the CP indivisibility of the reduced dynamics and the changes in the von Neumann entropy of the reduced
state under the reduced dynamics of a quantum walk. These properties depend on the choice of the metric in non-tensor-product
form, indicating that such choices lead to a change in the partitioning of the system.

The metric dependency of non-Markovianity, bipartite entanglement, and other subsystem properties can be proven to be
useful when there is a need to manipulate these properties. The operational interpretation of the metric operator means that an
experimentalist can have control over the dynamics of the subsystems simply by changing the set of observables.
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Appendix A. Non-separability of the quantum walk metric

Claim. Given the non-unitary operation

W (k) = ei6’1/20'] k03 o703 i0201 , =703 yikosy ei91/251 (A1)

We define the walk operation for the total walk by W = Y, |k){k| ® W (k). For this operation, there does not exist any metric of the
form G = G, ® G, where G, is a metric in the momentum space and G, is a metric in the coin space.
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Proof. The left eigenvectors (with the eigenvalues +e(k)) for W (k) is given by
= (207 8)
= —d5 + sin(e)

where,

d; =cosh(2y) cos(6,) sin(8,) + sin(6;) cos(6,) cos(2k),

d, = — sin(6,) sinh(2y),

dsy =cos(6,) sin(2k), and

€ = cos™! (cos(8;) cos(,) cos(2k)

— cosh(2y) sin(8,) sin(6,))

(A.2)

They are also the right eigenvectors of the operator H' with eigenvalues €;. The metric for the complete quantum walk constructed
with respect to the left eigenvectors of the Hamiltonian (represented by G)) can be given by

Gy = Y lk){k| ® Gy(k),
- (A.3)
where Go(k) = |r ) drel + 1r_)(r_].

Freedom in the choice of the metric: As discussed in the main text, if the Hamiltonian H is Hermitian under a metric G, then any
other valid metric has the form TTG°T [12]. We have constructed the Gg matrix as

G = DNK ® o, ()l i (ri| + o_(R)lr_ ) (r_l. (A4)
k

where o, (k) € {1,—1}. However, only if we choose the o, (k) = 1Vk, we get a positive semi-definite metric. Positive semi-definiteness
is required to ensure the norm of a state, defined by (y|G|y), to be positive in H,;. Therefore, the most general positive definite
metric is of the form T TGOT where T commutes with the Hamiltonian H, or alternatively, T* commutes with H. Therefore, the
action of T¥ restricts the eigenvectors of H' to the energy eigenspace of the H, which in the case of the walk is 4-dimensional. In
particular, if k € (0, z/2), this action is given by

Tk |r(k)) = ag(olk) (k) + a; (k)| —k) | r(—k))

(A.5)
+ ay(k)|k — m)|r(k — 7)) + a3 (k)|—k + m)|r(k + 7).

Let us denote by [k)|r,(k%)), where a € 0, 1, 2,3, the set of degenerate eigenvectors of H' corresponding to the eigen energy +e(k).
We use the following assignment k° := k € (0,7/2), k! := —k, k*> := k—z and k* := —k+z/2. Then the most general metric is given
by

3

G=2 X KK

k ab=0 (A.6)
® (5Ol KD (k] + ¥ (Olr_(K)) ()],

The Hermiticity requirement of the metric is given by the conditions x,,(k)* = x,,(k), and similarly for y,(k), Vk. The positive
definiteness of the metric means that the 4 x 4 matrices x(k) and y(k) have real and non-negative eigenvalues Vk.

We have therefore shown that the most general form of the metric for the 1-dimensional quantum walk in the momentum space
is given as

3
G= D YK ® Guylh). (A7)
k ab=0
Hence, if 3 a product form of the metric is given by G, ® G, it must exist in the above form. In other words, we should be able
to find appropriate functions x,,(y) and y,,(k), such that G, (k) = f,,(k)G, Vk and Va, b, where f,,(k) = f,,(k) * is a scalar function
of k and G, is a k-independent 2 x 2 metric operator. While we should check this condition for all the 16 matrices G,,(k), we can
make use of certain symmetries of the eigenspace to simplify the calculations. Firstly, we have G, (k) = Gza(k). Second, we have
[0(k)y = |r2(k)) and |rl(k)) = |r3(k)). Therefore, to check whether the matrices G, (k) can be written as f,,(k)G,, we need to check
this condition only for Gy,(k), G;(k) and G (k). Only if all of them can be made proportional to a k-independent matrix G,, we
can claim that the metric is compatible with the tensor product structure. Since we have to determine the k-independence of this
matrix only up to a scalar function, we can take out the x(,(k) factor. Therefore, we have to find gy, = xyo(k)/ygo(k), a bounded,
real-valued function, such that Gyy(goo(k)) = (Ir )i (ro| + goo(K)r_)i(r_|) is of the form f,(k)G..

10
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d5 (k%) — sin e((k"))

It will help us to introduce two variables to make the expressions more concise. Let A = and B =
0 0 d (k9) + dp (k9)
dy(k”) + sine(k
M. Then the three matrices can be written as
d; (k%) + dy(KkY)
8o+ 1 —(A + Bgy)
Goo(g )=<
00(800 —(A+ Bgy) A2+ Blgy
g+l B+ Agyy
G = A8
nen) < B+Ag, B+A%g, (A.8)

gop +1 B+ Ag, >
—(A+ Bgy) BA(+gy)

If the k-dependence of the matrix G,,(g,,(k)) is contained in a factor f,,(k), the ratio of its any two components must be
k-independent. For the case of G, we have the following two conditions

Go1(go1) = <

B2 4+ A2

i(&)o_) =0, and

dk goo + 1 (A.9)
i(gooB+A> _
dk\ y+1

The two conditions translate to the following set of constraints on g,

(A2 - Bz) 800 + 2800 + 1) (BB + AggoA") = 0.

’ ’ ’ (A.10)
(A - B)g), + (g0 + 1) (B +ggA’) =0.
equating the g(’)0 term in both Eq.s, we have gy, = B’/A’. However, this is a solution iff
B\ -, 2B +A)B
o 1
800 = (7) T TAG4-B (A1D)

The above relation is satisfied only if y = 0, in which case the metric turns out to be proportional to identity, as expected. The
calculations for the case of G, (k) are similar and we reach the conclusion that for y # 0 there is no value of gy, for which the
matrix Gy (k) is of the form fy,(k)G, (and similarly for G,,(k)). For the case of G (g, ), the conclusion is straightforward: the
independence of this matrix implies that d(AB)/dk = 0Vg,, (k). This can be verified to be not true. Therefore, for y # 0, there does
not exist a metric of the form G, ® G, where G, and G, are positive definite metric operators. []

Appendix B. Finding the intermediate map
In this section we construct the Choi matrix for the intermediate map. The map that takes a coin state (initially separable from
the position space) from time ¢ = 0 to ¢ in the metric formalism is given by

A0 o) = TryW'p, ® p. W' Gla)
” | (B.1)
N % / W (k) p (1 = )W, (k)" G(k, dk.

In the normalized state method, the map will be defined without the metric. Unfortunately, this map does not have a nice analytical
form in terms of the maps A, (.t + 1). We, therefore, derive it using vectorization.
Corresponding to the map, A(#,0) we construct a matrix L(z,0) such that

L(t,0) = {vy1, 012,021, U2}, (B.2)

where v;; = vec[A(t,0)|i){j|]. The composition of channels in the Eq. (29) translates to the multiplication of the corresponding matrix
representations

L#+1,00= L@+ 1,t)L(t,0). (B.3)

This gives us the matrix representation of the intermediate map: L(t+ 1,1) = L(t+ 1,0)L(¢,0)~'. The Choi matrix of the intermediate
map is constructed using the following operation

Cp(t) = devec[Uy 3(L(t + 1,1) @ 1)U, _zvec(|@)(P|)], (B.4)

where devec[] is the construction of the 4 x 4 matrix from the 16 x 1 vector, and U,_; is the swap operator between the second
and third subsystems

1 0 0 O
0O 0 1 O

Uy3=5L® 01 0 0 ® 1. (B.5)
0O 0 0 1

The matrix C, (1) is exactly the Choi matrix of the intermediate map, and hence the function g(s) from the Eq. (30) can be given in
the following form for the discrete quantum walk evolution.

11
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